Application of Lie Transformation Group Methods to Classical Theories of
  Plates and Rods by Vassilev, Vassil M. & Djondjorov, Peter A.
ar
X
iv
:m
at
h-
ph
/0
00
60
10
v1
  1
0 
Ju
n 
20
00
APPLICATION OF LIE TRANSFORMATION GROUP METHODS TO
CLASSICAL THEORIES OF PLATES AND RODS
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Abstract—In the present paper, a class of partial differential equations related
to various plate and rod problems is studied by Lie transformation group meth-
ods. A system of equations determining the generators of the admitted point Lie
groups (symmetries) is derived. A general statement of the associated group-
classification problem is given. A simple intrinsic relation is deduced allowing to
recognize easily the variational symmetries among the ”ordinary” symmetries of
a self-adjoint equation of the class examined. Explicit formulae for the conserved
currents of the corresponding (via Noether’s theorem) conservation laws are sug-
gested. Solutions of group-classification problems are presented for subclasses of
equations of the foregoing type governing stability and vibration of plates, rods
and fluid conveying pipes resting on variable elastic foundations and compressed
by axial forces. The obtained group-classification results are used to derive con-
servation laws and group-invariant solutions readily applicable in plate statics or
rod dynamics.
1. INTRODUCTION
A wide variety of classical theories of plates and rods3 rest on linear fourth-order partial
differential equations in one dependent and two independent variables. Some of them, such
as the Poisson-Kirchhoff type theories for small bending of plates, are developed within the
framework of the linear elastostatics to determine the state of equilibrium of thin elastic
plates in terms of the transversal displacement of the plate middle plane, the derived gov-
erning equations providing the background for solving problems concerning stability and vi-
bration of such structural elements. Others (among them – the dynamic theory of Bernoulli-
Euler beams, for instance) are deduced on the ground of the linear elastodynamics to describe
the dynamic behaviour of rods in terms of the transversal displacement of the rod axis.
The aim of the present paper is to study the invariance properties (symmetries) of the
equations of the foregoing type with respect to local Lie groups of point transformations
of the involved independent and dependent variables. The work is motivated both by the
aforesaid wide applicability of the equations in question in structural mechanics, and by the
remarkable efficiency demonstrated by the symmetry methods, especially when applied to
differential equations arising in physics and engineering.
Actually, once the invariance properties of a given differential equation are established,
several important applications of its symmetries arise. First, it is possible to distinguish
classes of solutions to this equation invariant under the transformations of symmetry groups
admitted. The determination of such a group-invariant solution assumes solving a reduced
equation involving less independent variables than the original one. Typical examples of
group-invariant solutions are axisymmetric solutions, self-similar solutions, travelling waves,
etc., which have proved to be quite useful in many branches of physics and engineering.
For a self-adjoint differential equation another substantial application of its symmetries is
1E-mail: vassil@bgcict.acad.bg
2E-mail: padjon@bgcict.acad.bg
3In this work, following Antman (1984) we use ”rod” as a generic name for ”arch”, ”bar”, ”beam”, ”ring”,
”column”, ”tube”, ”pipe”, etc. We employ ”rod” in the intuitive sense of a slender solid body.
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available. As is well known, the self-adjoint equations are the Euler-Lagrange equations of
a certain action functional. If a one-parameter symmetry group of such an equation turned
out to be its variational symmetry as well, that is a symmetry of the associated action
functional, then Noether’s theorem guarantees the existence of a conservation law for the
smooth solutions of this equation. Needless to recall or discuss here the fundamental role
that the conserved quantities and conservation laws (or the corresponding integral relations,
i.e. the balance laws) have played in natural sciences, but it is worthy to point out that
the available conservation laws (balance laws) should not be overlooked (as it is often done)
in the examination of discontinuous solutions (acceleration waves, shock waves, etc.) or in
the numerical analysis (when constructing finite difference schemes or verifying numerical
results, for instance) of any system of differential equations of physical interest. It should
be remarked also that the path-independent integrals (such as the well known J-, L- and
M -integrals) related to the conservation laws are basic tools in fracture analysis of solids
and structures.
The aforementioned and many other applications of the symmetries of differential equa-
tions and variational problems as well as the foundations of the Lie transformation group
methods, including the basic notions, statements and techniques, can be found in the books
by Ovsiannikov (1982), Ibragimov (1985), Bluman and Kumei (1989) and Olver (1993) (see
also the references given in these books). In the present paper, however, as fare as the
application of the symmetry groups of the equations studied is concerned, our attention is
restricted to the constructing of group-invariant solutions and conservation laws. Of course,
the first task is to find these symmetry groups, and as here we do not deal with a sin-
gle differential equation but with a class of differential equations, this means to solve a
group-classification problem.
The layout of the paper is as follows. A detailed description of the differential equations
to be studied as well as the variational statement for the self-adjoint equations among them
are given in Section 2. Several examples of mechanical systems governed by such equations
complete this Section. In Section 3, a system of equations determining the generators of the
symmetry groups admitted by the equations of the class considered is derived, the invariance
properties inherent to the whole class because of its linearity and homogeneity being taken
into account, and then the general statement of the associated group-classification problem
is given. After that, the variational symmetries of the self-adjoint equations of the examined
class are investigated. A simple intrinsic relation allowing to recognize easily the variational
symmetries among the ”ordinary” point Lie symmetries of such an equation is deduced, and
explicit formulae for the conserved currents of the conservation laws corresponding to the
variational symmetries via Noether’s theorem are suggested. Group-classification results,
conservation laws and group-invariant solutions are presented in Section 4 for differential
equations governing stability and vibration of plates of Poisson-Kirchhoff type. Similar
results are displayed in Section 5 for equations governing vibration of rods on a variable
elastic foundation and dynamic stability of fluid conveying pipes or rods compressed by
axial forces. In the reminder of this Section, conservation laws for rods derived in the
present contribution are compared to other ones reported in the literature.
2.BASIC EQUATIONS
Consider a fourth-order homogeneous linear partial differential equation
Aαβγδ(x)wαβγδ +A
αβγ(x)wαβγ +A
αβ(x)wαβ +A
α(x)wα +A(x)w = 0, (1)
in two independent variables x = (x1, x2) and one dependent variable w(x). Here and
throughout: Greek indices have the range 1, 2, and the usual summation convention over
a repeated index (one subscript and one superscript) is employed; wα1α2...αk (k = 1, 2, ...)
denote the k-th order partial derivatives of the dependent variable, i.e.
wα1α2...αk =
∂ kw
∂xα1∂xα2 ...∂xαk
(k = 1, 2, ...).
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Further, a similar notation will be used for the partial derivatives of any other function of the
variables x1, x2 but, in this case, the indices indicating the differentiation will be preceded
by a coma, e.g.
Aαβγδ,α1α2...αk=
∂ kAαβγδ
∂xα1∂xα2 ...∂xαk
(k = 1, 2, ...).
The coefficients of equation (1) are supposed to be smooth functions possessing as many
derivatives as may be required on a certain domain of interest, and to be symmetric under
any permutation of their indices, i.e.
Aαβγδ = Aβγδα = Aγδαβ = Aδαβγ , Aαβγ = Aβγα = Aγαβ , Aαβ = Aβα.
Using the total derivative operators
Dα =
∂
∂ xα
+ wα
∂
∂ w
+ wαµ
∂
∂ wµ
+ wαµν
∂
∂ wµν
+ wαµνσ
∂
∂ wµνσ
+ · · · ,
the equation (1) may be written in the form
D[w] = 0, (2)
where D is the linear differential operator given by the expression
D = AαβγδDαDβDγDδ +AαβγDαDβDγ +AαβDαDβ +AαDα +A. (3)
An equation of form (2) is the Euler-Lagrange equation associated with a certain varia-
tional problem involving only one dependent variable if and only if the differential operator
D is self-adjoint, that is
D = D∗, (4)
where D∗ is the (formal) adjoint operator of D (cf. Olver, 1993). The explicit form of D∗ is
D∗ = DαDβDγDδAαβγδ −DαDβDγAαβγ +DαDβAαβ −DαAα +A. (5)
In such a case, (2) can be associated with the variational problem for the functional
A[w] =
∫
1
2
wD[w]dx1dx2,
since the application of the Euler operator
E =
∂
∂ w
−Dµ ∂
∂ wµ
+DµDν
∂
∂ wµν
−DµDνDσ ∂
∂ wµνσ
+DµDνDσDτ
∂
∂ wµνστ
− · · ·
on the Lagrangian density
L =
1
2
wD[w], (6)
yields
D[w] = E(L), (7)
due to (4) and (5).
Let us give several examples of plate and rod structures whose governing equations are
self-adjoint and belong to the class specified above. Henceforward, when regarding plates
the variables x1, x2 will represent the coordinates of the plate middle plane. As for the rod
problems, x1 will be associated with the spatial variable along the rod axis, and x2 – with
the time. In both cases, the dependent variable w will represent the transversal displacement
field.
Example 1. Small bending of plates resting on elastic foundations. Consider a thin
elastic plate of variable bending rigidity D(x) resting on an elastic foundation of Winkler
type with variable modulus k(x) and subjected to an edge loading leading to the appearance
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of nonuniform membrane stresses Nαβ(x). In this physical situation, the equation governing
the small bending of the plate assumes the following form
∆[D∆w] − [(1− ν)εαµεβνD,αβ −Nµν ]wµν + kw = 0 , (8)
the membrane stress tensor Nαβ being symmetric, Nαβ = Nβα, and divergence free, i.e.
Nαµ,µ = 0. Here: ν is Poisson’s ratio; ∆ is the Laplace operator, that is ∆ ≡ δαβ∂2/∂ xα∂ xβ ,
where δαβ is the Kronecker delta symbol (δ11 = δ22 = 1, δ12 = δ21 = 0) and εαβ is the
alternating symbol (ε11 = ε22 = 0, ε12 = −ε21 = 1).
Example 2. Elastodynamics of Bernoulli-Euler beams. Consider a nonhomogeneous
Bernoulli-Euler beam with bending rigidity B(x1) and inertia term H(x1). The differential
equation governing the small vibration of such a beam is (Chien at al., 1993):
Bw1111 + 2B,1w111 +B,11w11 +Hw22 = 0.
Example 3. Elastic beams resting on elastic foundations. Consider an elastic beam
of constant bending rigidity K and constant mass density m (mass of the beam per unit
length), resting on an elastic foundation with variable modulus k(x). Suppose it is subjected
to a constant follower force p. Then, according to the Bernoulli-Euler theory, the differential
equation for small transverse vibration of the beam is (see Smith and Herrmann, 1972):
Kw1111 + pw11 + k(x)w +mw22 = 0 . (9)
Example 4. Pipes conveying fluid. Consider an elastic circular-cylindrical pipe of
uniform outer radius of the pipe cross section, which is supposed to be small in comparison
with certain characteristic pipe length (for a simply supported pipe say the length of the
span). Let the pipe conveys inviscid incompressible fluid with a flow velocity U = const.
Then, the equation of motion is (see Gregory and Paidoussis, 1966):
EJw1111 +MU
2w11 + 2MUw12 + (m+M)w22 = 0 , (10)
where E is Young’s modulus of the pipe material, J is the (axial) moment of inertia of the
pipe cross section, m is the mass (constant) of the pipe per unit length, M is the mass (also
constant) of the fluid per unit length.
Combining and generalizing equations (9) and (10) presented in Examples 3 and 4, in
Section 5 we will pay particular attention to the differential equations of the form
γw1111 + χ
αβwαβ + κ(x)w = 0 , (11)
where γ 6= 0 and χαβ are real constants, while κ(x) is a smooth function.
3. SYMMETRIES AND CONSERVATION LAWS
Consider a local one-parameter Lie group of point transformations acting on some open
subset Ω of the space R3 representing the independent and dependent variables x1, x2, w
involved in our basic equation (2). The infinitesimal generator of such a group is a vector
field X on R3,
X = ξµ (x,w)
∂
∂xµ
+ η (x,w)
∂
∂w
, (12)
whose components ξµ(x,w) and η(x,w) are supposed to be functions of class C∞on Ω. By
virtue of Theorem 2.31 (Olver, 1993), a vector field X of form (12) generates a point Lie
symmetry group of equation (2) if and only if there exists a function λ depending on x,
w and derivatives of w (that is a differential function) such that the following infinitesimal
criterion of invariance,
X
4
(D[w]) − λD[w] = 0, (13)
holds; here X
k
denote the k-th prolongation of X (Ovsiannikov, 1982).
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The invariance criterion (13) leads, through the standard computational procedure (see,
e.g. Ovsiannikov, 1982 or Olver, 1993), to the following results:
(i) each equation of form (2) being linear and homogeneous is invariant under the point
Lie groups generated by the vector fields
X0 = w
∂
∂w
, Xu = u (x)
∂
∂w
, (14)
where u (x) is an arbitrary solution of the equation considered, the invariance criterion (13)
being fulfilled with λ = 1 for X0, and λ = 0 for the generators Xu;
(ii) an equation of form (2) admits other vector fields (12), in addition to the aforemen-
tioned (14), if and only if they have the special form
X = ξµ (x)
∂
∂xµ
+ σ (x)w
∂
∂w
, (15)
the functions ξµ (x) and σ (x) being nontrivial solutions of the following system of determin-
ing equations (called further the DE system for easy reference):
ξµAαβγδ,µ + (σ − λ)Aαβγδ −Aαβγµξδ,µ −Aαβµδξγ,µ −Aαµγδξβ,µ −Aµβγδξα,µ = 0, (16)
4Aαβγµσ,µ − 2Aαβµνξγ,µν − 2Aαγµνξβ,µν − 2Aβγµνξα,µν
+ξµAαβγ,µ + (σ − λ)Aαβγ −Aαβµξγ,µ −Aαµγξβ,µ −Aµβγξα,µ = 0,
(17)
6Aαβµνσ,µν − 2Aαµνσξβ,µνσ − 2Aβµνσξα,µνσ
+3Aαβµσ,µ − (3/2)Aαµνξβ,µν − (3/2)Aβµνξα,µν
+ξµAαβ,µ + (σ − λ)Aαβ −Aαµξβ,µ −Aµβξα,µ = 0,
(18)
4Aαµνσσ,µνσ −Aµνστξα,µνστ
+3Aαµνσ,µν −Aµνσξα,µνσ
+2Aαµσ,µ −Aµνξα,µν
+ξµAα,µ + (σ − λ)Aα −Aµξα,µ = 0,
(19)
Aαβγδσ,αβγδ +A
αβγσ,αβγ +A
αβσ,αβ +A
ασ,α + ξ
µA,µ + (σ − λ)A = 0, (20)
for a certain function λ depending on x1 and x2 only. (Here, by a trivial solution we mean
not only ξµ = 0, σ = 0, but also ξµ = 0, σ = c = const 6= 0, since the latter leads to the
vector field cX0 generating the same group as X0 which is already identified to be admitted
by each equation of the type considered.)
Thus, given an equation of form (2), the question is whether there exist vector fields
X 6= cX0 of form (15) which leave it invariant, and the answer depends on whether the
respective DE system has at least one nontrivial solution. In this context the coefficients
of the equation are supposed to be known functions, and thereby (16) – (20) constitute an
over-determined system of linear homogeneous partial differential equations with respect to
the unknowns ξµ and σ. Therefore, as a rule, it turns out possible to find in an explicit form
some (or even all) nontrivial solutions of the DE system, and thus to determine several (all)
additional point Lie symmetry groups inherent to the equation in question.
It should be remarked that various equations of form (2) admit only the point Lie groups
generated by the vector fields (14) with u(x) being any solution of the respective equation.
For instance, it is easy to check that all equations of the form (11) such that χαβ = δαβ
and κ(x) = p(x), where p(x) is an arbitrary polynomial of x1 and x2, belong to this variety.
Without too much difficulties one can ascertain that the same holds true for the equations
of the form (8) with D = const, Nαβ = δαβ and k(x) = p(x).
On the other hand, there are equations of the foregoing type which are invariant under
a larger group; an immediate example is the biharmonic equation, ∆2w = 0, which admits
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the seven-parameter group generated by the linear combinations of X0 and the following six
additional basic vector fields (cf. Ovsiannikov, 1972):
X1 =
∂
∂x1
, X3 = x
2 ∂
∂x1
− x1 ∂
∂x2
, X5 = 2x
1x2
∂
∂x1
−
[(
x1
)2 − (x2)2] ∂
∂x2
+ 2x2w
∂
∂w
,
X2 =
∂
∂x2
, X4 = x
1 ∂
∂x1
+ x2
∂
∂x2
, X6 =
[(
x1
)2 − (x2)2] ∂
∂x1
+ 2x1x2
∂
∂x2
+ 2x1w
∂
∂w
.
An important problem naturally arises in the light of the above note. It may be placed
in the category of the so-called group-classification problems (see Ovsiannikov, 1982) and
consist in determination of all those equations of the type considered that admit a larger
group together with this group itself. Its most general statement assumes all functions
Aαβγδ(x), Aαβγ(x), Aαβ(x), Aα(x), A(x), ξα(x) and σ(x) involved in the determining equa-
tions (16) – (20) to be regarded as unknown variables and to find all solutions of this system.
Here we are not going to study this rather complicated nonlinear problem in general. How-
ever, in Sections 4 and 5, restricting our attention to the equations of form (8), D = const,
and (11), respectively, we will examine the corresponding group-classification problems.
Let us now specialize to the case of self-adjoint equations of form (2). Suppose that
D[w] = 0, D = D∗, (21)
is such an equation. Then, of particular interest are its variational symmetries – the Lie
groups generated by the so-called infinitesimal divergence symmetries (see Definition 4.33
in Olver, 1993) of any variational functional with (21) as the associated Euler-Lagrange
equation. (Note that if two functionals lead to the same Euler-Lagrange equation, then they
have the same collection of infinitesimal divergence symmetries.) This interest is motivated
by the fact that, in virtue of Noether’s theorem, each variational symmetry of a given self-
adjoint equation corresponds to a conservation law admitted by the smooth solutions of the
equation. Thus, if a vector field X of form (12) is found to generate a variational symmetry
of equation (21), then Noether’s theorem implies the existence of a conserved current, which,
in the present case, is a couple of differential functions Pα such that
DαP
α = QD[w], (22)
where Q is the characteristic of X ; by definition
Q = η − wµξµ. (23)
The total divergence of the conserved current Pα vanishes on the smooth solutions of (21)
and so we have the conservation law
DαP
α = 0, (24)
(22) being its expression in characteristic form, and Q – its characteristics. Therefore, to
derive the conservation laws of the foregoing type, one can proceed by first determining the
variational symmetries of equation (21), and than using their characteristics (23) to find,
from (22), explicit expressions for the corresponding conserved currents.
Having analyzed earlier the invariance properties of the whole class of equations (2), it
is convenient to base the determination of the variational symmetries of equation (21) on
the following observation. A vector field X of form (12) generates a variational symmetry
of equation (21) if and only if X is an infinitesimal symmetry of this equation, that is (13)
holds, and
X
4
(D[w]) +
(
∂η
∂w
+Dµξ
µ
)
D[w] = 0. (25)
This is a consequence of Lemma 4.34 and Proposition 5.55 (Olver, 1993), see also Lemma
7.46 (Olver, 1995). Subtracting (13) from (25) we can replace the latter with(
∂η
∂w
+Dµξ
µ + λ
)
D[w] = 0,
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and as D[w] is not supposed to vanish identically we arrive at the conclusion that
∂η
∂w
+Dµξ
µ + λ = 0, (26)
is a necessary and sufficient condition for an infinitesimal symmetry admitted by a self-
adjoint equation of form (2) to be its infinitesimal variational symmetry as well. It should
be remarked that the same holds true for any self-adjoint partial differential equation in
one dependent variable w and n independent variables x =
(
x1, . . . , xn
)
; of course, in the
general case the summation index µ will take the values 1, . . . , n in both formulae (12) and
(26). For a vector field of form (15) the relation (26) simplifies, and reads
σ + ξµ,µ + λ = 0. (27)
Thus to find the variational symmetries of an equation of form (21), it suffices to check
which of its ”ordinary” symmetries satisfy the additional requirement (26). For instance,
the result (i) implies that X0 = w∂/∂w does not generate a variational symmetry of any
equation of form (21), while a vector field Xu = u(x)∂/∂w generates a variational symmetry
of an equation of form (21) whenever u(x) is its solution (this is a common property of all
systems of linear homogeneous partial differential equations, see Section 5.3 in Olver, 1993).
Suppose one has established that a vector field X with characteristic Q generates a vari-
ational symmetry of a given equation of form (21), and now wishes to find the conserved
current Pα of the corresponding conservation law (24). For this purpose one can use for-
mulae (5.150) and (5.151) given by Olver (1993) which express (in an explicit form) a null
Lagrangian as a divergence. Indeed, in this case the right hand side of (22) is a total diver-
gence or, in other words, a null Lagrangian. However, bearing in mind the recommendation
of Olver (1993) to use these formulae only as a last resort since ”the homotopy formula
(5.151) can rapidly become unmanageable”, in the present paper we suggest another way
for determination of the sought conserved currents.
Our starting point is the so-called Noether identity (cf. Ibragimov, 1985):
X
∞
(L) + (Dαξα)L = QE(L) +DαNα(L), (28)
which holds for any differential function L and vector field X of the types considered here.
In (28), Nα are the differential operators given by the expressions
Nα = ξα +Q

 ∂∂wα +
∑
s≥1
(−1)sDν1 · · ·Dνs
∂
∂wαν1...νs

 (29)
+
∑
r≥1
(
Dµ
1
· · ·Dµ
r
Q
) ∂∂wαµ
1
...µ
r
+
∑
s≥1
(−1)sDν1 · · ·Dνs
∂
∂wαµ
1
...µ
r
ν1...νs

 ,
Q = η − ξαwα being the characteristic of the vector field X . Setting L = L in (28), and
taking into account (6) and (7), after a little manipulation we obtain the identity
DµN
µ(−wD[w]) = −w X
4
(D[w]) − {η + (Dµξµ)w − 2Q}D[w], (30)
valid for any self-adjoint differential operator D of form (3) and vector field of form (12).
In particular, for Xv = v(x)∂/∂w, where v(x) is an arbitrary smooth function, we have
ξα = 0, Q = η = v, (31)
and hence
Xv
4
(D[w]) = D[v], (32)
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since D is a linear differential operator. Substituting (31) and (32) into (30) we obtain
DµN
µ(−wD[w]) = vD[w] − wD[v], (33)
which is nothing but the reciprocity relation associated with the equation D[w] = 0. Under
the additional assumption v = u(x), where u(x) is an arbitrary smooth solution of the latter
equation, the reciprocity relation (33) becomes
DµN
µ(−wD[w]) = uD[w]. (34)
Taking into account (34) we can give now the following general formula for the conserved
currents Pα of the conservation laws with characteristics Q = u corresponding to the in-
finitesimal variational symmetries Xu = u∂/∂w of equation (21):
Pα = Pα(u) +G
α,
where
Pα(u) = N
α(−wD[w]), (35)
and Gα is any null divergence. Of course,
DµP
µ
(u) = uD[w],
and
DµP
µ
(u) = 0, (36)
on the smooth solutions of the equation (21).
Next, let X be an infinitesimal variational symmetry of equation (21) with characteristic
Q = wσ − wµξµ. Then, on account of (25), (30) takes the form
DµN
µ
(
−1
2
wD[w]
)
= QD[w],
and hence we can write down the following explicit formula for the conserved currents
Pα of the conservation laws with characteristics Q = wσ − wµξµ corresponding to the
aforementioned variational symmetries of equation (21), namely
Pα = Bα +Gα,
Bα = Nα(−1
2
wD[w]) +
1
2
Dµ
(
wξαAµβγδDβDγDδw − wξµAαβγδDβDγDδw
)
, (37)
where, as before, Gα is any null divergence. Of course,
DµB
µ = QD[w],
and on the smooth solutions of respective equation (21) we have
DµB
µ = 0,
Let us remark that the special null divergence
1
2
Dµ
(
wξαAµβγδDβDγDδw − wξµAαβγδDβDγDδw
)
,
is used in the expression (37) for the conserved current Bα to cut the fourth-order derivatives
of the dependent variable w away since in practice we are usually interested in conserved
currents which involve derivatives of order not higher than k− 1, where k is the order of the
equation considered. Making use of (29) it is easy to check that the right-hand side of (37)
incorporates derivatives of w of order less than fourth. In the subsequent Sections just (35)
and (37) will be referred to as the expressions for the conserved currents of the conservation
laws with characteristics Q = u and Q = wσ − wµξµ, respectively, derived for equations of
the form (21).
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To summarize, given an equation of form (21), the crucial point on the way of deriving
conservation laws admitted by its smooth solutions is to find vector fields of form (15)
generating ”ordinary” point Lie symmetries of the given equation. For that purpose, we
should look for solutions of the respective DE system (16) – (20). Once such vector fields
are found, it is easy to check which of their linear combinations satisfy the requirement
(26) and hence generate variational symmetries of the equation considered. Now, using the
characteristics of these symmetries we first construct the operators Nα from formulae (29)
and then calculate from (37) the conserved currents of the corresponding conservation laws.
4. SYMMETRIES, CONSERVATION LAWS AND GROUP-INVARIANT SOLUTIONS
OF PLATE EQUATIONS
In Section 2 (Example 1), we have quoted the self-adjoint equation (8) describing the
small bending of a plate resting on an elastic foundation. Many problems concerning stability
and vibration of isotropic thin elastic plates are studied on the ground of this type of
equations. Here, we analyze the invariance properties of a generic equation of this form
under the assumption that the bending rigidity of the plates considered is uniform, that is
D = const. In this case (8) may be written as follows
Aαβγδwαβγδ +A
αβ(x)wαβ +A(x)w = 0, (38)
with
Aαβγδ =
1
3
(δαβδγδ + δαγδβδ + δαδδβγ), Aαµ,µ = 0, (39)
assuming that
Aαβ =
1
D
Nαβ , A =
1
D
k.
In view of the general results of Section 3, it is clear that Xu = u(x)∂/∂w generates
a variational symmetry of any equation of form (38) whenever u(x) is its solution, while
X0 = w∂/∂w alone could never generate a variational symmetry of an equation of form
(38), though it always is its infinitesimal point Lie symmetry. Substituting (39) into the
determining equations (16) – (20) and taking into account that Aαβγ = 0, Aα = 0, we obtain,
after a straightforward computation, that an equation of form (38) is invariant under a point
Lie group generated by a vector field X of form (15), X 6= cX0, if and only if
σ =
1
2
ξµ,µ, (40)
δαµξβ,µ + δ
µβξα,µ − δαβξµ,µ = 0, (41)
ξµAαβ,µ −Aαµξβ,µ −Aµβξα,µ + 2ξµ,µAαβ + 2δατ δβνξµ,µτν = 0, (42)
Aανξµ,µν −Aµνξα,µν = 0, (43)
2ξµA,µ + 4ξ
µ
,µA+A
µνξτ,τµν = 0. (44)
At that,
λ = −3
2
ξµ,µ. (45)
Substituting expression (40) into (15), and expressions (40) and (45) into condition (27), we
immediately arrive at the conclusion that the generator of such a group is a vector field of
form
X = ξµ
∂
∂xµ
+
1
2
ξµ,µw
∂
∂w
, (46)
each such symmetry of (38) being variational symmetry of the latter equation as well, and
hence there exist a conservation law with characteristicQ = (1/2)ξµ,µw−wµξµ and conserved
current Bα given by (37) admitted by the smooth solutions of the equation considered.
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Thus to derive the conservation laws, which correspond to the variational symmetries of an
equation of form (38) it suffices to know the results of the group classification of the class
of equations in question; of course, the same holds true for the derivation of group-invariant
solutions to (38). This group-classification problem is studied in Vassilev (1988), (1991) and
(1997). The classification results presented below are obtained in these works.
It is shown that the scalar fields
s(1) = A
µνδµν , s(2) =
(
8A− δαµδβνAαβAµν
)1/2
, s(3) =
(−δµνs(1),µs(1),ν)1/3 , (47)
are of key importance for the group classification of the considered class of equations. These
scalar fields are called the invariants of equation (38) since here they play a role similar to
the role that Laplace’s and Cotton’s invariants play in the group classification of the second-
order linear partial differential equations (see Ovsiannikov, 1982 and Ibragimov, 1985). The
following two properties of the scalar fields (47) give us both an additional reason to call
them invariants of (38) and explicit expressions for the invariants of groups admitted by
(38). First, if an equation of form (38) admits a vector field of form (46), then
ξµ,µs(j) + ξ
µs(j),µ = 0 (j = 1, 2, 3),
and hence U(j) = w
√
s(j) are invariants of the corresponding Lie group whenever s(j) 6≡ 0.
Second, if an equation of form (38) admits a vector field of form (46) and is such that at least
two of its invariants (47), say s(k) and s(l) (k 6= l ≤ 3) , are not identically equal to zero, then
s(k)/s(l) is an invariant of the corresponding symmetry group. Note, that the invariants s(k)
and s(l) of such an equation of form (38) provide two couples of functionally independent
invariants, namely U(k) = w
√
s(k) and s(k)/s(l) as well as U(l) = w
√
s(l) and s(k)/s(l), of
the admitted symmetry group, both couples being readily applicable for constructing group-
invariant solutions to the respective equation. However, if even one of the invariants (47)
of an equation of form (38) is not identically equal to zero, then this equation admits at
most a 3-parameter group with generators of form (46). On the other hand, if all invariants
(47) of an equation of form (38) are identically equal to zero, then this equation admits a
6-parameter group with generators of form (46). Below, the latter case is set out in detail.
Let ω(z) 6≡ const be an analytic function of the complex variable z = x1 + ix2, and let
Eω be the equation of the form (38) with coefficients
A11 = −A22 = 4Re {φ} , A12 = A21 = −4 Im {φ} , A = 4φφ¯, (48)
where φ is the Schwarzian derivative of the function ω, that is
φ =
(
ω′′
ω′
)′
− 1
2
(
ω′′
ω′
)2
, (49)
φ¯ is the complex conjugated of φ, and the prime is used to denote differentiation with
respect to the variable z. Substituting (48) into (47) one can see that all invariants of Eω
are identically equal to zero. Then, taking into account the DE system (41)–(44), (48) and
(49), one can verify by direct computing that Eω admits the 6-parameter group generated
by the vector fields
Z(j) = ξ
µ
(j)
∂
∂ xµ
+
1
2
ξµ(j),µw
∂
∂w
(j = 1, . . . , 6),
the functions ξµ(j) being given by the expressions
ξ1(1) = Re {ω1} , ξ2(1) = Im {ω1} ,
ξ1(2) = Re {iω1} , ξ2(2) = Im {iω1} ,
ξ1(3) = Re {ω2} , ξ2(3) = Im {ω2} ,
ξ1(4) = Re {iω2} , ξ2(4) = Im {iω2} ,
ξ1(5) = Re {ω3} , ξ2(5) = Im {ω3} ,
ξ1(6) = Re {iω3} , ξ2(6) = Im {iω3} .
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where
ω1 =
1
ω′
, ω2 =
ω
ω′
, ω3 =
ω2
ω′
. (50)
It should be remarked that each equation of form (38) which admits a 6-parameter group
with generators of form (46) is of type Eω, meaning that it can be generated in the above
manner using a suitable analytic function ω. The coefficients of each equation of this type
are of the form Aαβ = δαµδβνϕ,µν , A = (1/8)δ
αµδβνϕ,αβϕ,µν , where ϕ is a harmonic
function, that is δαβϕ,αβ = 0, and vice versa. It is noteworthy that each equation with
variable coefficients of type Eω can be mapped to an equation with constant coefficients
belonging to the same family. It is easy to verify by direct computing that the equation
Eω corresponding to an analytic function ω whose Schwarzian derivative is not constant
transforms to a constant coefficients one under the following change of the independent and
dependent variables:
yα = fα
(
x1, x2
)
, W = wU
(
x1, x2
)
, (51)
f1
(
x1, x2
)
= Re
{∫
f−1dz
}
, f2
(
x1, x2
)
= Im
{∫
f−1dz
}
, U
(
x1, x2
)
=
(
f
−
f
)−1/2
,
where f is any linear combination of the functions (50) such that f 6≡ 0, i.e.
f = k1ω1 + k2ω2 + k3ω3, (52)
where k1, k2, and k3 are complex constants such that k
2
1 + k
2
2 + k
2
3 6= 0.
Consider, as a simple example, the equation Eω corresponding to ω = z
√
κ/2, where κ
is a positive real constant. In this case (49) gives φ = 4 (2− κ) z2 and hence, according to
(48), the coefficients of Eω read
A11 = −A22 = (2− κ)
(
x1
)2 − (x2)2[
(x1)2 + (x2)2
]2 , A12 = A21 = (2− κ) 2x1x2[
(x1)2 + (x2)2
]2 ,
A = (2− κ)2 1
4
[
(x1)
2
+ (x2)
2
]2 . (53)
Using the function f = z obtained from (52) for ω = z
√
κ/2, k1 = k3 = 0, k2 = 1 +
√
κ/2,
we introduce, according to (51), the new independent and dependent variables
y1 =
1
2
ln
[(
x1
)2
+
(
x2
)2]
, y2 = arctan
(
x2
x1
)
, W = w
[(
x1
)2
+
(
x2
)2]−1/2
. (54)
Note that the inverse transformations are given by the expressions
x1 = ey
1
cos y2, x2 = ey
1
sin y2, w =W
[(
x1
)2
+
(
x2
)2]1/2
. (55)
Under the change of the variables according to (54), the considered equation Eω transforms
to the following one,
δαβδµν
∂4W
∂yα∂yβ∂yµ∂yν
− κ ∂
2W
∂y1∂y1
+ κ
∂2W
∂y2∂y2
+
1
4
κ
2W = 0, (56)
which belongs to the same class (since it corresponds to the analytic function ω = ez
√
κ/2)
but whose coefficients are constant.
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Equation (56) admits the 6-parameter group of variational symmetries generated by the
basic vector fields
Vα =
∂
∂yα
,
V3 = e
θy1 cos
(
θy2
) ∂
∂y1
+ eθy
1
sin
(
θy2
) ∂
∂y2
+ θeθy
1
w cos
(
θy2
) ∂
∂w
,
V4 = −eθy
1
cos
(
θy2
) ∂
∂y1
+ eθy
1
cos
(
θy2
) ∂
∂y2
− θeθy1w sin (θy2) ∂
∂w
,
V5 = e
−θy1 cos
(
θy2
) ∂
∂y1
− e−θy1 sin (θy2) ∂
∂y2
− θe−θy1w cos (θy2) ∂
∂w
,
V6 = e
−θy1 cos
(
θy2
) ∂
∂y1
+ e−θy
1
sin
(
θy2
) ∂
∂y2
− θeθy1w cos (θy2) ∂
∂w
,
where θ =
√
κ/2. These vector fields give rise to six linearly independent conservation laws
for equation (56). The characteristics of these conservation laws are
Q(j) =
1
2
W
∂
∂yµ
Vj (y
µ)−WµVj (yµ) (j = 1, . . . , 6) .
Here, Vj are regarded as operators acting on the functions ζ : R
2 → R. The corresponding
conserved currents can be easily calculated from (37).
Finally, let us remark that each one-parameter group generated by a linear combination
of the basic vector fields Vj can be used for constructing group-invariant solutions of equation
(56). Consider, for instance, the group H (V3 + V5) generated by the vector field V3 + V5.
The functions s = sin
(
θy2
)
/ cosh
(
θy1
)
and u =W/ cosh
(
θy1
)
constitute a complete set of
invariants for this group and hence, following the well known algorithm (Ovsiannikov, 1982;
Olver, 1993), we seek the H (V3 + V5)–invariant solutions of equation (56) in the form
W = u (s) cosh
(
θy1
)
, s =
sin
(
θy2
)
cosh (θy1)
. (57)
Substituting (57) into (56), we get the reduced equation
(
s2 − 1)2 d4u
ds4
+ 8s
(
s2 − 1) d3u
ds3
+ 4
(
3s2 − 1) d2u
ds2
= 0.
The general solution to this ordinary differential equation is
u (s) = C1 + C2 ln
(
s+ 1
s− 1
)
+ C3s+ C4s ln
(
s+ 1
s− 1
)
,
where C1, C2, C3 and C4 are real constants. Hence the H (V3 + V5)–invariant solutions of
equation (56) are given by the expression
W
(
y1, y2
)
= C1 cosh
(
θy1
)
+ C2 cosh
(
θy1
)
ln
[
sin
(
θy2
)
+ cosh
(
θy1
)
sin (θy2)− cosh (θy1)
]
+ C3 sin
(
θy2
)
+ C4
sin
(
θy2
)
cosh (θy1)
ln
[
sin
(
θy2
)
+ cosh
(
θy1
)
sin (θy2)− cosh (θy1)
]
.
Using the inverse transformations (55) one can convert the above solutions of equation (56)
into solutions of the equation Eω , ω = z
√
κ/2, with variable coefficients (53).
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4. SYMMETRIES, CONSERVATION LAWS AND GROUP-INVARIANT SOLUTIONS
OF ROD EQUATIONS
In Section 2, combining and generalizing Examples 3 and 4 we have introduced the class
of self-adjoint partial differential equations
A1111w1111 +A
αβwαβ +Aw = 0, (58)
with coefficients
A1111 = γ, Aαβ = χαβ, A = κ(x), (59)
where γ = const 6= 0, χαβ are arbitrary constants (but (χ12)2 + (χ22)2 6= 0, otherwise (58)
degenerates and becomes an ordinary differential equation), and κ(x) is an arbitrary func-
tion. Equations of this special type are used by many authors to study applied engineering
problems concerning dynamics and stability of both elastic beams resting on elastic foun-
dations (see e.g. Smith and Herrmann, 1972) and pipes conveying fluid (see e.g. Gregory
and Paidoussis, 1966). In the present Section we first examine the point Lie symmetries of
(58) and solve the corresponding group-classification problem. Then we derive conservation
laws and group-invariant solutions of various rod equations of form (58).
Consider the group-classification problem. In view of the results (i) and (ii) of Section 3,
it is clear that each equation of form (58) is invariant under the point Lie groups generated
by the vector fields X0 = w∂/∂w and Xu = u (x) ∂/∂w where u (x) is any smooth solution
of the respective equation and the objective is to find those equations of the type considered
which admit vector fields X of form (15), X 6= cX0, c = const 6= 0.
Substituting (59) into (16) – (20), and taking into account that Aα, Aαβγ and all Aαβγδ
except A1111 are equal to zero, we obtain after a little manipulation the following system of
determining equations for the functions ξµ (x) and σ (x) associated with the sought vector
fields X of form (15):
ξ2,1 = 0, 2σ,1 − 3ξ1,11 = 0, (60)
5γξ1,111 + 2χ
11ξ1,1 − 2χ12ξ1,2 = 0, (61)
χ22(2ξ1,1 − ξ2,2) = 0, χ12(3ξ1,1 − ξ2,2)− χ22ξ1,2 = 0, (62)
2χ12σ,2 − χ22ξ1,22 = 0, 2χ12σ,1 + χ22(2σ,2 − ξ2,22) = 0, (63)
σ,1111 + χ
αβσ,αβ + ξ
µκ,µ + 4ξ
1
,1κ = 0, (64)
the auxiliary function λ being expressed by
λ = σ − 4ξ1,1. (65)
We look for the equations of form (58) whose coefficients γ, χαβ and κ (x) are such that
system (60) – (64) possesses solutions different from the trivial one ξµ = 0, σ = const 6= 0.
Observing the system of determining equations (60) – (64) we see that for the purposes
of the group-classification it is convenient to divide the equations of form (58) into three
subclasses depending on whether the coefficients χαβ of the given equation are such that:
(A) χ22 6= 0, det(χαβ) 6= 0; (B) χ22 6= 0, det(χαβ) = 0 or (C) χ22 = 0, det(χαβ) 6= 0. This
covers all possibilities except for χ22 = 0, det(χαβ) = 0 when (58) becomes an ordinary
differential equation that falls outside our interest in the present paper.
For convenience we introduce the notation
Yα =
∂
∂xα
, Y3 =
(
x1 +
χ12
χ22
x2
)
∂
∂x1
+ 2x2
∂
∂x2
, Y4 =
(
x1 +
χ11
χ12
x2
)
∂
∂x1
+ 3x2
∂
∂x2
.
Let χ22 6= 0. Then, the first equation (62) is equivalent to
2ξ1,1 − ξ2,2 = 0. (66)
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Differentiating (66) with respect to x1 and taking into account the first equation (60) we
obtain ξ1,11 = 0. Hence, (61) and the second equation (62) reduce to
χ11ξ1,1 − χ12ξ1,2 = 0, χ12ξ1,1 − χ22ξ1,2 = 0. (67)
Consider the subclass (A): χ22 6= 0, det(χαβ) 6= 0. Then, the first equation (60) together
with (66) and (67) lead to ξ1,1 = ξ
1
,2 = ξ
2
,1 = ξ
2
,2 = 0, i.e., ξ
α = cα = const. Consequently,
the second equations of (60) and (63) imply σ = c = const. At this, the first equation (63)
is satisfied and (64) becomes
cακ,α = 0. (68)
All this means that when χ22 6= 0 and det(χαβ) 6= 0 the DE system has only the trivial
solution unless
κ(x) = f(β2x1 − β1x2), (69)
for a certain smooth function f 6≡ const and certain constants βα such that (β1)2+(β1)2 6= 0.
In this latter case, the DE system has the nontrivial solution
ξ1 = β1, ξ2 = β2, σ = 0, (70)
and so the differential equations of that kind admit additionally the one-parameter symmetry
group associated with the vector field β1Y1 + β
2Y2. In the case κ = const, (68) is satisfied
for any couple of constants cα, and hence such equations admit the 2-parameter symmetry
group with generators Y1 and Y2. This completes the analysis of subclass (A).
Consider now the subclass (B): χ22 6= 0, det(χαβ) = 0. Differentiating the second equa-
tion (67) successively with respect to x1 and x2 we obtain
χ12ξ1,11 − χ22ξ1,12 = 0, χ12ξ1,12 − χ22ξ1,22 = 0,
which, on account of ξ1,11 = 0, leads to ξ
1
,12 = ξ
1
,22 = 0. This result, together with (66) imply
ξ2,22 = 0, and the nontrivial solution of (60) – (63) is now obvious:
ξ1 = c1 + c3
(
x1 +
χ12
χ22
x2
)
, ξ2 = c2 + 2c3x2, σ = 0, (71)
with c1, c2 and c3 – arbitrary constants. Equation (64) reduces to
ξακ,α + 4ξ
1
,1κ = 0. (72)
For an arbitrary κ(x) it leads to ξα = 0; it is easily verified that for κ(x) = x1+x2x2, ξα = 0
is the only solution of (72).
If κ(x) is a function of form (69), then (72) implies (70) as a nontrivial solution to the
system (60) – (64). Therefore, a generic equation of this kind admits only the one-parameter
group generated by β1Y1 + β
2Y2, unless κ(x) is of one of the following two special forms.
The first one is
κ(x) = κ0
(
β + x2
)−2
, κ0 = const 6= 0, β = const, (73)
when the nontrivial solution of (60) – (64) is (71) with c2 = 2β, c3 = 1, c1 – arbitrary, and
hence the equations of subclass (B) with κ(x) of form (73) admit the 2-parameter symmetry
group generated by the vector fields Y1 and 2βY2 + Y3. The second special form of the
function κ(x) is
κ(x) = κ0
(
β + x1 − χ
12
χ22
x2
)−4
, κ0 = const 6= 0, β = const, (74)
when the respective differential equations admit the 2-parameter group spanned over the
vector fields βY1 + Y3 and
(
χ12/χ22
)
Y1 + Y2.
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Another extension of the symmetry group is possible if there exist two constants β1 and
β2, as well as a smooth function f 6≡ 0 such that
κ(x) =
(
β2 + x2
)−2
f(y), y =
(
β2 + x2
)−1/2(
β1 + x1 − χ
12
χ22
x2
)
. (75)
If κ(x) is of form (75), then the nontrivial solution of the determining equations (60) – (64)
is (71) with c1 = β1+2
(
χ12/χ22
)
β2, c2 = 2β2, c3 = 1 and the differential equations of that
sort admit the one-parameter group, generated by(
β1 + 2
χ12
χ22
β2
)
Y1 + 2β
2Y2 + Y3
only, except for the cases f(y) = κ0y
−4 (κ0 = const), when κ(x) takes the form (74), and
f(y) = const 6= 0 when κ(x) becomes (73).
The differential equations of form (58) with χ22 6= 0, det(χαβ) = 0 admit the 2-parameter
group generated by Y1 and Y2 when κ(x) = const 6= 0 or the 3-parameter group with
generators Y1, Y2 and Y3 when κ(x) = 0.
Finally, consider the subclass (C): χ22 = 0, det(χαβ) 6= 0. Substituting χ22 = 0 in the
determining equations (60) – (63), the latter simplify to
ξ2,1 = 0, ξ
1
,11 = 0, χ
11ξ1,1 − χ12ξ1,2 = 0, 3ξ1,1 − ξ2,2 = 0, σ,1 = 0, σ,2 = 0,
and their nontrivial solution is easily obtained:
ξ1 = c1 + c3
(
x1 +
χ11
χ12
x2
)
, ξ2 = c2 + 3c3x2, σ = 0, (76)
where ci are arbitrary constants (note that if χ22 = 0, then det(χαβ) 6= 0 assumes χ12 6= 0).
Equation (64) takes the form (72) and for an arbitrary κ(x) it leads to ξα = 0. If κ(x) is
of the form (69), such equations admit the one-parameter group generated by β1Y1 + β
2Y2
only, except for two special forms of κ(x), namely
κ(x) = κ0
(
β + x2
)−4/3
, (77)
and
κ(x) = κ0
(
β + 2x1 − χ
11
χ12
x2
)−4
. (78)
where κ0 and β are constants. In the case (77), the nontrivial solution of the determining
equation (60) – (64) is (76) with c2 = 3β, c3 = 1, c1 – arbitrary, and the differential equation
considered admits the 2-parameter group spanned over the vector fields Y1 and 3βY2 + Y4.
In the case (78) the group admitted is also a 2-parameter one, but generated by βY1 + Y4
and
(
χ11/χ12
)
Y1 + 2Y2.
Another extension of the symmetry group is possible if
κ(x) =
(
β2 + x2
)−4/3
f(y), y =
(
β2 + x2
)−1/3(
β1 + 2x1 − χ
11
χ12
x2
)
, (79)
where βα are constants and f 6≡ 0 is a smooth function. In this case, the nontrivial solution
of (60) – (64) is (76) with c1 = β1 + 3(χ11/χ12)β2, c2 = 6β2, c3 = 1 and we conclude that
the equations of subclass (C) with κ(x) of form (79) admit only the one-parameter group
generated by [β1 + 3(χ11/χ12)β2]Y1 + 6β
2Y2 + Y4, except for f(y) = κ0y
−4 (κ0 = const),
when (79) coincides with (78) or f(y) = const 6= 0 when κ(x) has the form (77).
Evidently, the differential equations of form (58) with χ22 = 0, det(χαβ) 6= 0 admit: the
2-parameter group with generators Y1 and Y2 when κ(x) = const 6= 0, and the 3-parameter
group associated with Y1, Y2 and Y4 – when κ(x) = 0.
The results of the above group-classification analysis are summarized in Table 1, where
the equations invariant under larger groups are given through their coefficients together with
the generators of the associated symmetry groups.
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Table 1. Equations of form (58) invariant under larger symmetry groups.
# Coefficients Generators
1 κ(x) = f(β2x1 − β1x2) β1Y1 + β2Y2
2
χ22 6= 0, det(χαβ) = 0, κ(x) = (β2 + x2)−2 f(y),
y =
(
β2 + x2
)−1/2
[β1 + x1 − (χ12/χ22)x2]
[β1 + 2(χ12/χ22)β2]Y1
+2β2Y2 + Y3
3
χ22 = 0, det(χαβ) 6= 0, κ(x) = (β2 + x2)−4/3 f(y),
y =
(
β2 + x2
)−1/3
[β1 + 2x1 − (χ11/χ12)x2]
[β1 + 3(χ11/χ12)β2]Y1
+6β2Y2 + 2Y4
4 χ22 6= 0, det(χαβ) = 0, κ(x) = κ0
(
β + x2
)−2
, Y1, 2βY2 + Y3
5 χ22 = 0, det(χαβ) 6= 0, κ(x) = κ0
(
β + x2
)−4/3
Y1, 3βY2 + Y4
6
χ22 6= 0, det(χαβ) = 0,
κ(x) = κ0
(
β + x1 − (χ12/χ22)x2)−4 βY1 + Y3,(χ12/χ22)Y1 + Y2
7
χ22 = 0, det(χαβ) 6= 0,
κ(x) = κ0
(
β + 2x1 − (χ11/χ12)x2)−4 βY1 + 2Y4,(χ11/χ12)Y1 + 2Y2
8 χ22 det(χαβ) 6= 0, κ(x) = const Y1, Y2
9 χ22 det(χαβ) = 0, κ(x) = const 6= 0 Y1, Y2
10 χ22 6= 0, det(χαβ) = 0, κ(x) = 0 Y1, Y2, Y3
11 χ22 = 0, det(χαβ) 6= 0, κ(x) = 0 Y1, Y2, Y4
Having completely solved the group-classification problem, our next step is to identify
the variational symmetries of those equations of form (58) which have been found to admit
larger symmetry groups. For this purpose, we are to apply the condition (26) to the linear
combinations of (14) and the vector fields presented in Table 1, the respective functions λ
being given by (65). Thus, we found that all vector fields quoted under numbers 1, 3, 5, 7,
8, 9 and 11 generate variational symmetries as well. In case # 2 the variational symmetries
are associated with [β1 + 2(χ12/χ22)β2]Y1 + 2β
2Y2 + Y3 + (1/2)X0. Similarly, in case # 4
the variational symmetries are generated by Y1 and 2βY2 + Y3 + (1/2)X0, in case # 6 – by
(χ12/χ22)Y1 + Y2 and βY1 + Y3 + (1/2)X0, and in case # 10 – by Y1, Y2 and Y3 + (1/2)X0.
Once the variational symmetries of the equations (58) are identified, we can derive the
corresponding conservation laws. The conserved currents of the conservation laws for the
equations given in Table 1 are computed using (37), the above notes concerning the corre-
sponding variational symmetries being taken into account. The obtained conservation laws
are listed in Table 2 (in the same order as in Table 1) in terms of the differential functions:
B1(1) = −
1
2
[γ(2w1w111 − w211) + χ11w21 − χ22w22 + κw2]−
1
2
(χ2µwwµ),2 ,
B2(1) = −χ2µw1wµ +
1
2
(χ2µwwµ),1 ,
B1(2) = −χ1µw2wµ + γ(w11w12 − w2w111)−
1
2
(γw1w11 − χ1µwwµ),2 ,
B2(2) = −
1
2
(
γw211 + χ
22w22 − χ11w21 + κw2
)
+
1
2
(γw1w11 − χ1µwwµ),1 ,
Bα(3) =
(
x1 +
χ12
χ22
x2
)
Bα(1) + 2x
2Bα(2) + χ
αµwwµ +
1
2
γδ1α(ww111 − w1w11),
Bα(4) =
(
x1 +
χ11
χ12
x2
)
Bα(1) + 3x
2Bα(2)
+
1
2
[χαµwwµ + δ
1α(χ11ww1 + 2χ
12ww2 − γw1w11)].
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Table 2. Conservation laws for equations of form (58)
# Conservation laws
1 Dα[β
1Bα(1) + β
2Bα(2)] = 0
2 Dα[
(
β1 + 2(χ12/χ22)β2
)
Bα(1) + 2β
2Bα(2) +B
α
(3)] = 0
3 Dα[
(
β1 + 3(χ11/χ12)β2
)
Bα(1) + 6β
2Bα(2) + 2B
α
(4)] = 0
4 DαB
α
(1) = 0, Dα[2βB
α
(2) +B
α
(3)] = 0
5 DαB
α
(1) = 0, Dα[3βB
α
(2) +B
α
(4)] = 0
6 Dα[βB
α
(1) +B
α
(3)] = 0, Dα[(χ
12/χ22)Bα(1) +B
α
(2)] = 0
7 Dα[βB
α
(1) + 2B
α
(4)] = 0, Dα[(χ
11/χ12)Bα(1) + 2B
α
(2)] = 0
8 DαB
α
(1) = 0, DαB
α
(2) = 0
9 DαB
α
(1) = 0, DαB
α
(2) = 0
10 DαB
α
(1) = 0, DαB
α
(2) = 0, DαB
α
(3) = 0
11 DαB
α
(1) = 0, DαB
α
(2) = 0, DαB
α
(4) = 0
According to the general results of Section 3, each equation (58) admits conservation laws
with characteristics Q = u(x), where u(x) is any smooth solution of the equation considered.
These conservation laws are of the form (36), that is
DαP
α
(u) = 0,
the corresponding conserved currents Pα(u) being given by the expression (35). Here, on
account of (59), (35) simplifies and reads
Pα(u) = χ
αµ(uwµ − u,µw) + δ1αγ(uw111 + u,11 w1 − u,111 w − u,1 w11). (80)
Let us now specialize to the differential equation
EJw1111 +mw22 = 0, (81)
governing the dynamics of a classic homogeneous Bernoulli-Euler beam. Here EJ is the
bending rigidity of the beam and m is the mass of the beam per unit length. According to
the above analysis, (81) admits the following six linearly independent infinitesimal variational
symmetries:
Y1, Y2, Y3 +
1
2
X0, Y5 =
∂
∂w
, Y6 = x
1 ∂
∂w
, Y7 = x
2 ∂
∂w
, (82)
where Y5, Y6 and Y7 are vector fields of the type Xu = u (x) ∂/∂w corresponding to the
solutions u = 1, u = x1 and u = x2 of (81), respectively. Here, the independent variables
x1 and x2 are the spatial variable along the rod axis and the time, respectively, so that the
conservation laws admitted by the smooth solutions of equation (81) may be written in the
more familiar form
∂Ψ
∂x2
+
∂P
∂x1
= 0,
where Ψ and P denote the density and flux of the conservation law, respectively. The
densities and fluxes of the conservation laws for (81) associated with the vector fields (82)
together with their physical interpretation are presented in Table 3.
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Table 3. Conservation laws for Bernoulli-Euler beams
Generators Conservation laws
space translations
Y1
wave momentum
Ψ(1) = mw1w2
P(1) = (1/2)[EJ(2w1w111 − w211)−mw22 ]
time translations
Y2
energy
Ψ(2) = (1/2)
(
EJw211 +mw
2
2
)
P(2) = EJ(w11w12 − w2w111)
scaling
Y3 + (1/2)X0
Ψ(3) = x
1Ψ(1) + 2x
2Ψ(2) +mww2
P(3) = x
1P(1) + 2x
2P(2) + (1/2)EJ(ww111 − w1w11)
Y5
linear momentum
Ψ(5) = mw2, P(5) = EJw111
Y6
similar to Eshelby energy-momentum tensor
Ψ(6) = x
1mw2, P(6) = EJ(x
1w111 − w11)
Galilean boost
Y7
center-of-mass theorem
Ψ(7) = m(x
2w2 − w), P(7) = EJx2w111
Conservation laws in the dynamics of rods are considered in many papers (see e.g.
Antman, 1984; Kienzler, 1986; Chien et al., 1993; Maddocks and Dichmann, 1994; Tabarrok
et al., 1994; Djondjorov, 1995). However, the particular form of the differential equations
examined in the present study allows comparison with the results reported by Chien et al.
(1993) and by Maddocks and Dichmann (1994) only.
Chien et al. (1993) derive conservation laws for the statics and dynamics of rods em-
ploying a technique called by the authors Neutral Action (NA) method. The conservation
laws for rod equations established in this Section could be compared to their ones only for
the differential equation (81) which coincides with the equation
Bw1111 + 2B,1w111 +B,11w11 +Hw22 = 0,
considered in Chien et al. (1993) when B = EJ and H = m. The comparison shows
that the conserved currents of the conservation laws for (81) with characteristics other than
Q = u(x) obtained by Chien et al. (1993) coincide with ours presented in Table 3. As for
the conserved currents of the conservation laws for (81) with characteristicsQ = u(x), where
u(x) is any solution of (81), our general formula (80) implies
Pα(u) = δ
2αm(uw2 − u,2 w) + δ1αEJ(uw111 + u,11 w1 − u,111 w − u,1 w11).
Only a part of these conservation laws are identified and presented in (Chien et al., 1993),
namely those associated with the solutions to (81) of the form
u(x) = C1(x
1)3 + C2(x
1)2 + C3x
1 + C4 + C5x
2, Ci = const (i = 1, . . . , 5) ,
while, in fact, equation (81) has an infinite-dimensional space of solutions.
Five conservation laws in the dynamics of rods are reported in (Maddocks and Dich-
mann, 1994) within a general nonlinear direct theory. The restricted version of this theory
describing small planar bending of an uniform inextensible unshearable isotropic elastic rod
with a linear constitutive law, the rotatory inertia of the rod cross section being neglected,
is exactly the classic Bernoulli-Euler theory for homogeneous beams whose governing equa-
tion is (81). Rewriting the conservation laws in (Maddocks and Dichmann, 1994) taking
into account the aforementioned restrictions we observe that: (1 ) the conservation law for
the total angular momentum (formula 2.14 in Maddocks and Dichmann, 1994) degenerates
to the well known basic relation of Bernoulli-Euler theory Q = ∂M/∂x1 (here Q and M
denote shear force and bending moment, respectively, see Washizu, 1982); (2 ) the density
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and flux of the conservation law associated with material isotropy (formula 4.5 in Maddocks
and Dichmann, 1994) vanish identically; (3 ) the conservation law corresponding to material
homogeneity (formula 3.2 in Maddocks and Dichmann, 1994) reduces to conservation of the
wave momentum (see Table 3); (4) the expressions for the densities and fluxes of energy
(formula 2.19 in Maddocks and Dichmann, 1994) and linear momentum (formula 2.12 in
Maddocks and Dichmann, 1994) conservation laws coincide with the respective ones pre-
sented in Table 3. The set of conservation laws with characteristics Q = u(x), where u(x) is
any solution of (81), as well as the conservation law associated with the variational scaling
symmetry Y3+(1/2)X0 (see Table 3) have no analogues in (Maddocks and Dichmann, 1994).
Three interesting kinds of group-invariant solutions to certain equations of the class (58)
are identified below. First of them corresponds to vector fields cY1 ∓ Y2, where c = const.
These group-invariant solutions are travelling waves
w = U(s), s = x1 ± cx2,
admissible only for equations (58) with κ(x1, x2) = f(s). The reduced equations determining
such group-invariant solutions are
γ
d4U
ds4
+ (χ11 ± 2χ12c+ χ22c2)d
2U
ds2
+ f(s)U = 0.
The second one corresponds to the vector field Y3 and is of the form
w = U(s), s = x1(x2)−1/2 − χ
12
χ22
(x2)1/2.
The vector field Y3 is admitted only if κ(x
1, x2) = (x2)−2f(s) (see cases # 2, 4, 6 and 10 in
Table 1). The reduced equations for these invariant solutions are
4γ
d4U
ds4
+ χ22s2
d2U
ds2
+ 3χ22s
dU
ds
+ 4f(s)U = 0.
The third kind of group-invariant solutions corresponds to the vector field Y4:
w = U(s), s = 2x1(x2)−1/3 − χ
11
χ12
(x2)2/3.
The vector field Y4 is admitted only if κ(x
1, x2) = (x2)−4/3f(s) (see cases # 3, 5, 7 and 11
in Table 1). The reduced equations for the invariant solution under consideration are
48γ
d4U
ds4
− 4χ12sd
2U
ds2
− 4χ12 dU
ds
+ 3f(s)U = 0.
Obviously, the latter two kinds of group-invariant solutions could be reduced to self-similar
solutions if χ12 = 0 or χ11 = 0, respectively.
6. CONCLUDING REMARKS
In this paper, Lie transformation group methods have been applied to the class of partial
differential equations (1). This class is of interest for structural mechanics since the governing
equations of various classical plate and rod theories belong to it; the examples given in
Section 2 illustrate this fact. In the context of structural mechanics, the results of the group
analysis of equations (1) give a number of attractive possibilities. Here, the established
point Lie symmetries of (1) are used to construct group-invariant solution to the governing
equations of several plate and rod models, to derive conservation laws revealing important
features of such models and to find transformations simplifying the differential structure of
equations associated with particular plate problems.
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First of all, the well known computational procedure for finding the most general point
Lie symmetry group has been applied to the foregoing class of equations. As a result, the
system of equations (16) – (20) is derived determining the equations of the type considered
that admit a larger group together with the generators of this group; naturally, all equations
of this class being linear and homogeneous admit the point Lie groups generated by the vector
fields (14). The system (16) – (20) allows the associated group-classification problem to be
stated and examined.
In Section 4, this problem is solved for the plate equations (38) in terms of their invariants
s(1), s(2) and s(3) defined by (47). The equations of form (38) with s(1) ≡ s(2) ≡ s(3) ≡ 0 are
found to admit the largest symmetry groups. It is noteworthy that each such equation with
variable coefficients can be transformed, using a suitable change of variables, to an equation
with constant coefficients belonging to the same class. An example of such a transformation
is given at the end of Section 4 where, in addition, a class of group-invariant solutions to
the equation considered is presented.
The group-classification problem for the rod equations (58) is entirely solved in Section 5.
All equations of that kind admitting point Lie symmetry groups, in addition to the ones
generated by (14), are determined and presented in Table 1 together with the generators
of the respective groups. The largest symmetry groups are admitted by the equations of
form (58) whose coefficients are such that χ22 det(χαβ) = 0, κ(x) ≡ 0. The most interesting
group-invariant solutions for equations (58) are identified and the corresponding reduced
equations are presented at the end of Section 5.
Once the ”ordinary” point Lie symmetries of an equation of form (1) are determined, one
can easily find, using the general criterion (26), which of them are variational symmetries of
this equation. Then, (35) and (37) provide explicit expressions for the conserved currents of
the conservation laws associated through Noether’s theorem with the established variational
symmetries. These expressions will involve derivatives of the dependent variable of lowest
possible order, which is important in view of their application in structural mechanics. The
reciprocity relation valid for each equation of form (1) is given explicitly by formula (33).
In Section 4, it is shown, using the consequence (27) of the general criterion (26), that
each point Lie symmetry of a plate equation of form (38) generated by a vector field of form
(46) is variational symmetry of this equation. Therefor, each such symmetry gives rise to a
conservation law with characteristic Q = (1/2)ξµ,µw −wµξµ and conserved current given by
(37) admitted by the smooth solutions of the respective equation.
The conservation laws for the rod equations listed in Table 1 are given in Table 2.
Inspecting these results one can see that the equations for unsupported rods and rods on
Winkler foundations admit two independent conservation laws associated with the wave
momentum (DαB
α
(1) = 0) and energy (DαB
α
(2) = 0). Equations (9) and (10) governing
the stability of unsupported axially compressed beams and fluid conveying pipes belong
to this class. Rod equations with κ(x) = 0 and det(χαβ) = 0 admit a supplementary
conservation law DαB
α
(3) = 0 associated with the infinitesimal scaling symmetry Y3. Such
an equation is (81) governing the vibration of the classic Bernoulli-Euler beam. Table 3
contains several physically important conservation laws for this equation. A comparison
between the conservation laws derived here for equation (81) and the relevant results in
(Chien et al., 1993) and (Maddocks and Dichmann, 1994) is presented in Section 5.
Acknowledgements—This research was supported by Contract MM 517/1995 with the NSF,
Bulgaria.
REFERENCES
Antman, S.S., 1984. The theory of rods. In: Mechanics of solids, Vol. II. Springer-Verlag,
Berlin, pp. 641-703.
Bluman, G.W., Kumei, S., 1989. Symmetries and Differential Equations. Springer-Verlag,
New York.
20
Chien, N., Honein, T., Herrmann, G., 1993. Conservation laws for nonhomogeneous
Bernoulli-Euler beams. International Journal of Solids and Structures 30 (23), 3321-
3335.
Djondjorov, P., 1995. Invariant properties of Timoshenko beams equations. International
Journal of Engineering Science 33 (14), 2103-2114.
Gregory, R.W., Paidoussis, M.P., 1966. Unstable oscillation of tubular cantilevers convey-
ing fluid. I: Theory. Proceedings of Royal Society London A–293, 512-527.
Ibragimov, N.H., 1985. Transformation Groups Applied to Mathematical Physics. Reidel,
Boston.
Kienzler, R., 1986. On existence and completeness of conservation laws associated with
elementary beam theory. International Journal of Solids and Structures 22 (7), 789-
796.
Maddocks, J., Dichmann, D., 1994. Conservation laws in the dynamics of rods. Journal of
Elasticity 34, 83-96.
Olver, P.J., 1993. Applications of Lie Groups to Differential Equations, Second Edition,
Graduate Texts in Mathematics, Vol. 107. Springer-Verlag, New York.
Olver, P.J., 1995. Equivalence, Invariance and Symmetry. Cambridge University Press,
Cambridge.
Ovsiannikov, L.V., 1972. Group properties of the equations of mechanics. In: Mechanics of
Continuous Media and Relevant Problems of Analysis. Nauka, Moscow, pp. 381-393.
Ovsiannikov, L.V., 1982. Group Analysis of Differential Equations. Academic Press, New
York.
Smith, T.E., Herrmann, G., 1972. Stability of a beam on an elastic foundation subjected
to follower forces. Journal of Sound and Vibration 39, 628-629.
Tabarrok, B., Tezer, C., Stylianou, M., 1994. A note on conservation principles in classical
mechanics. Acta Mechanica 107, 137-152.
Vassilev, V., 1988. Group properties of a class of fourth-order partial differential equations.
Annals of the University of Sofia 82 (Part II - Mechanics), 163-178.
Vassilev, V., 1991. Group analysis of a class of equations of the plate and shell theory. Ph.D.
thesis, Institute of Mechanics and Biomechanics, Bulgarian Academy of Sciences, Sofia.
Vassilev, V., 1997. Application of Lie groups to the theory of shells and rods. Nonlinear
Analysis 30 (8), 4839-4848.
Washizu, K., 1982. Variational Methods in Elasticity and Plasticity. Pergamon Press,
Oxford.
21
